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Abstract—Multi-sensor multi-object tracking in a track-to-
track fusion framework involves the grouping of tracks (from
different sensors) that belong to the same perceived object. In
particular for collective perception scenarios in large-scale traffic
systems the number of sensors and objects can be huge, as a
large number of vehicles can be equipped with multiple sensors.
In order to cope with the intractable number of possible associ-
ations, recently a stochastic optimization approach for track-to-
track association was proposed. The key idea is to successively
improve an initial association by means of performing random
modifications, i.e., actions, on the current association. In this
work, we develop a novel deterministic version of the algorithm,
which employs herding in order to deterministically choose
the next action. Simulations demonstrate that the deterministic
version of stochastic optimization provides comparable results to
the stochastic version with a significantly lower variance.

Index Terms—Multi-sensor fusion, track-to-track association,
stochastic optimization, deterministic sampling, herding.

I. INTRODUCTION

The detection and tracking of moving objects in the envi-
ronment is typically performed with multiple sensors in order
to increase the field of view or exploit heterogeneous sensor
types. One important application is the collective perception
of the traffic by multiple intelligent vehicles that share infor-
mation about their local environments with each other or with
infrastructure modules.

Data fusion can be performed on the measurement level,
where all measurements are gathered before tracking is carried
out, or on the track level, where tracks are generated for
each sensor and then the tracks are combined. Fusing on the
measurement level contains more information whereas track
fusion requires less bandwidth and is more sensor independent.
Here, we focus on track fusion, where tracking and potentially
local fusion of data from multiple sensors are performed in
each intelligent vehicle and the global fusion is carried out in
a fusion center as opposed to sensor-to-sensor fusion [1], [2].
In a collective perception scenario the fusion center could be
located in an infrastructure module such as a Road-Side Unit
(RSU) [3], [4].
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Several approaches to Track-to-Track Fusion (T2TF) [5],
[6] have been investigated, such as covariance intersection [7]
or information matrix fusion [2], [8].

The Track-to-Track Association (T2TA) needs to take place
before the fusion in order to determine which estimates should
be fused together. Various association methods have been
proposed, including greedy approaches [9], fuzzy sets [10]
and GRASP [11], which combines a greedy randomized
approach with local optimization. Furthermore, some methods
reduce the multidimensional problem by iteratively solving
twodimensional subproblems using optimization [12]-[14] or
hypothesis testing [15]. Other approaches are based on clus-
tering [16], [17]. In [18] clustering is employed to reduce the
size of the association and is combined with an optimization
approach.

In our previous work [19], we developed an approach for
T2TA that employs Stochastic Optimization (SO) to find the
best associations. The work was motivated by the SO-based
approach [20] for multiple extended object tracking. Further-
more, we improved the greedy approach from [9] by adding
a merging step. The SO-based approach [19] outperforms the
greedy approach [9], [19] while remaining computationally
efficient.

As autonomous driving is a safety-critical application, we
are interested in reliable and repeatable deterministic ap-
proaches to T2TA. Herding [21] can be used to compute
deterministic pseudo-samples that represent a given probability
distribution. In many cases deterministic samples contain more
information than random samples from the same distribu-
tion [22]. Herding has been applied to Gibbs sampling in
[23], creating a deterministic Gibbs sampling approach. In
our previous work we applied herded Gibbs sampling to the
data association problem in multi-object tracking [24]. We
could show that the deterministic Gibbs sampling converged
faster than the random version. This suggests that deterministic
sampling is a promising alternative to random sampling in
data association. However, to the best of our knowledge,
deterministic sampling has not been applied to track-to-track
association yet.

A. Contribution

In this work, we develop a deterministic version of the
stochastic optimization approach proposed in [19]. For this



purpose, we apply herding [21] in order to deterministically
choose the actions for creating feasible associations. Further-
more, we introduce a gating technique for herding, where we
only consider the associations of clusters close to the current
track for choosing the herding weight. This may improve the
convergence especially in settings with many tracks.

We compare the random and herded stochastic optimization
approaches with a Maximum Likelihood (ML) version and the
greedy approach from [9], [19] on simulated data and compare
the convergence behavior over the number of samples.

In Section II we define the problem setting. We revisit the
stochastic optimization for T2TA in Section III and propose
the herded stochastic optimization as well as the gated herded
stochastic optimization in Section IV. Simulation results are
presented in Section V, and the paper is concluded in Sec-
tion VL

II. PROBLEM DESCRIPTION

In this work, we consider T2TA for multi-sensor fusion,
where multiple objects are perceived and tracked by several
sensors. The resulting tracks are fused in a central fusion
center. Before a fusion is possible, corresponding tracks have
to be associated, i.e., it has to be determined which tracks
likely represent the same object. We do not incorporate prior
knowledge. This has the advantage that our approach is also
applicable if no prior knowledge is available, e.g, when new
objects enter the area of interest. T2TA is a multidimensional
assignment problem, which is NP-hard for more than two
sensors [25].

As we receive tracks from each sensor and not measure-
ments, we assume that there is at most one track per object
from each sensor and no clutter tracks. Therefore, there can
be at most one track per sensor in each cluster, i.e., the set of
tracks that presumably belong to one object. We furthermore
assume that the tracks are Gaussian distributed around the true
objects’ positions. For simplicity we assume that the detection
probability pp, i.e., the probability that a sensor has generated
a track for a certain object, is constant and equal for all
sensors. The number of objects is unknown. We denote the
set of tracks as 7 = {1,..., N7}, where Ny is the number
of tracks. The tracks are arbitrarily numbered from 1 to Ny
and the corresponding states are given by xi,...,Xn.,. The
set of sensors is denoted as S and the number of sensors as
Ns = |S]. The operator s(t) returns the sensor that generated
track ¢ € 7 and S(C.) = {s(t)|t € C.} returns the sensors
that generated the tracks in cluster C., where C. C 7.

We represent a clustering of tracks via a joint association
variable 6, which maps each track to a cluster. All clusters are
numbered, w.l.o.g. by positive integers:

0:T —NVT 0=10,...,0n,] , (1)

where track ¢ is mapped to cluster Cp,. The set of clusters
C={c| 6, =c,t € T} maintains the current cluster indices.
A cluster is defined as C. = {t | 6; = ¢}, such that for
all t € T we have t € C., <= 6; = c. The association
variable, however, is ambiguous, i.e., there are infinitely many

association variables that represent the same clustering. In a
valid cluster, all tracks have to originate from different sensors,
ie., [S(C.)| =]|C.|, ceC.

III. STOCHASTIC OPTIMIZATION FOR T2TA

The main principle of our stochastic optimization approach
is to iterate through the tracks and for each track we sample
and perform an action, yielding a new joint association. In
the end, the joint association with the highest likelihood can
be used or, alternatively, several associations can be used in a
multi-hypothesis approach.

In [19], we employed a likelihood for a clustering depending
on the assumed detection probability. The likelihood of a
cluster consists of a likelihood of its size depending on the
detection probability as well as a Gaussian spatial likelihood,
where we assume that the tracks are Gaussian distributed
around the true object position with a constant covariance .
A discussion of other likelihood functions for T2TA can be
found in [26]. Our likelihood function is defined as follows

we, = pj5 (1= pp)NemIo.
I~ xpi th,<1+1)2 )
teC. |Cel teC. Cel

As we do not know the true object position and use no prior
information, we use the sample mean. It has a covariance of
ﬁE and hence the covariance of the spatial likelihood is
(1 + ﬁ) 3. ¥ would have to be estimated in a real world
setting.

The likelihood of a joint association is then given by

11 . (3)

ce{c'|0s=c'teT}

we = wg

In order to circumvent numerical problems, the logarithm of
the likelihoods can be considered.

We consider four possible actions: (i) remain in the current
cluster, i.e., the current association does not change (r); (ii)
split the current track into a new singleton cluster (s); (iii)
move the current track to another cluster (m) and (iv) merge
the current cluster with another cluster (M). This yields the
following possible actions

A=[r,s,ml,...,m|c‘,M1,...,M|C‘] s (4)
with the corresponding probabilities
pa < [, 0%, 00l P o] (5)

The likelihood p® of action a is computed as the ratio of
likelihoods —& ), where 0 is the current joint association

We
and 0 the resulting joint association after performing action
a. This yields the following likelihood for remaining in the
current cluster

pr=1, (6)

as 6 does not change performing this action.



Algorithm 1 Stochastic optimization algorithm for T2TA
1: function SO(T, S, N, pp)
0+ [17~-~>NT]
3 k NT +1
4 forn=1,...,N do
5 fort=1,..., Ny do
6: calculate pa and A according to (5) and (4)
7
8
9

normalize pa
a + randChoice(A, pa)
performAction(a, C)

10: 0t 0

11: end for

12: end for

13: return 611 . , oN-NT)

14: end function

Algorithm 2 perform action
1: function PERFORMACTION(a, C)
2: if a = s then
0 — k
k+—k+1
else if « = m,,c € C then
9,5 — C
else if a = M., c € C then
0y < c,t' € Co,
9: end if
10: end function

® DN hEw

The likelihood of creating a singleton is given by
0 if |Cy,| =1,
p* = § LU\ 1}
wcet

)

else.

The likelihood of creating a singleton cluster is 0, if it already
is a singleton. In that case the action is equivalent to remaining
in the current cluster.
The likelihood of moving the current track to cluster C, is
given by
LeAn ™o\ ¢ g(C) N {s(t)} =0 Ac#6; |
p;n = wccwcet
0 else .
®)
We do not consider moving the current track to its current
cluster or merging with its current cluster, as this would be
equivalent to the remain action. Furthermore all tracks in the
resulting cluster have to stem from different sensors, which is
ensured by S(C.) N {s(t)} = 0.
Finally, the likelihood of merging the current cluster with
cluster C. is given by

wCCUCQ .

——* if S(C.)NS(Cy,) =0 AcH#b; ,
pM = wo, we,, ( (Cs.) ")

0 else .

To speed up computation, it is possible to add a gating step.
Then, only those clusters are considered for the moving and

merging actions, that are within a certain gating distance g of
the current track

== <9, (10)

where X is the center of the cluster C..

After sampling an action, the joint association variable 0 is
updated (Alg. 2). The complete SO algorithm can be found in
Alg. 1. It creates a new joint association after each action, in
total N - Ny associations, where N is the number of sweeps
through all tracks.

IV. HERDED STOCHASTIC OPTIMIZATION

In order to create a deterministic T2TA algorithm that
retains the same advantages of the random stochastic opti-
mization approach, we apply herding to it. Herding [21] is a
deterministic procedure that can be used to create deterministic
pseudosamples of a given discrete probability distribution. It
has been applied to Gibbs sampling [23] as well as data
association in multi-object tracking [24].

The key aspect of the herding procedure is a weight vector,
which contains a weight for every possible sample and accu-
mulates information on previous samples. To compute a new
sample from the probability distribution, the weight vector is
maximized, yielding the new sample. The weight vector is then
updated using the indicator vector of the generated sample.

The i-th sample (Y and weight vector w() are computed
as follows:

@ = argmax(w ) ¢(x)) | (11)
TEX
wi) = wl=D 4 p— ¢(a?) | (12)

where X is the sample space, p is the probability density
and ¢(z) the indicator vector, which is 1 at the position
indicated by x and O otherwise. The weight vector has the
same dimension as p and can be initialized with it, i.e.,
w(® = p. In that case the first sample is always the maximum
likelihood result.

When replacing the random sampling in Alg. 1 by herded
sampling, we need multiple herding processes, as we sample
from different densities (pa ) depending on the current associ-
ation (@) of the tracks. Each € in combination with the current
track ¢ defines the corresponding p . However, one clustering
can be represented by different joint association variables,
as the numbering is arbitrary. Therefore, we introduce the
operator U/ that numbers the clusters in ascending order with
respect to the order they first appear in 6. This yields an
unambiguous cluster numbering depending on the track order.

In the following example, 6" and 6 are distinct but rep-
resent the same underlying clustering, as we have U (9(1)) =
Uue®?).

0 =13,7,3,1,1,3] (13)
62 =[5,2,5,4,4,5) (14)
u@OW) =u@6®) =[1,2,1,3,3,1| {as)

The weight vectors w and probability densities pa of each
herding process are stored in a hash table H after first use.



Algorithm 3 Herded Stochastic Optimization-based Algo-
rithm for T2TA
1: function HERDEDSO(T, S, N, pp)
2: 0(*[1,...,]\77’]
3: k< Nr+1
4 initialize hash table H
5: forn=1,...,N do
6: fort=1,..., Ny do
7: 0« U(e)
8: it [t,@l,...,aNT]
9: if i, 9 in H then
10: W, PA H[itﬂ]
11: else
12: calculate pa and A according to (5),(4)
13: normalize pa
14: W < pPA
15: end if
16: a < argmax, c (W, ¢(a’))
17: W < W+ pa — ¢(a)
18: update w in H[is g]
19: perform_action(a, C)
20: 6" 9
21: end for
22: end for
23: return 611 . ,0(N’NT)

24: end function

This allows for saving storage space, as there are intractable
many possible clusterings and most of them are unlikely or
unfeasible. After an action is sampled by maximizing the
weight vector, w is updated and stored in the hash table H
again. The full algorithm can be found in Alg. 3.

The herded SO approach has the same theoretical com-
plexity as the original SO approach, namely O(NN7?) for
generating N Ny possible joint associations [19]. The main
difference lies in the computation of the sample, which is
O(N7) for random sampling and the herding procedure [24].
Storing the weight vectors in a hash table can be done in O(1).

A. Gated Herding

In scenarios with many objects or many sensors, there are
many tracks and therefore many different pa to sample from.
If a different clustering is present every time an action is
sampled, the weight vectors are never reused. In this case,
the advantages of herding do not come to bear as the first
sampled action is always the one with the highest likelihood.
However, the association of far away tracks is most likely not
relevant to the current track, especially when using the gating
technique described in Sec. III.

The idea of gated herding is to ignore all clusters in 6
that are beyond the gating threshold for determining which
weight vector is used in order to have a higher reuse of
probability densities. The filtered joint association variable

6 =1[0,... ,gf\,T] only includes the local clustering around

144 3 T X
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Fig. 1. Gating example. On the left is the full joint association and on the
right the clusters that are beyond the gating threshold are grayed out. The
current track ¢ is marked as a red diamond.

.

Fig. 2. Example scenario with 30 objects, 8 sensors and pp = 0.8. The
marker shape and color indicate the ground truth clustering and black dots
the true object positions.

the current track ¢ and masks out the rest. 5{ is defined as
follows for all ¢/ € T

g ="
B

An example of gating can be seen in Fig. 1. The grayed
out tracks are not relevant for the association of the current
track and therefore do not influence the herding process. In
contrast, in the original herding, there would be a separate
herding process for each association of the grayed out tracks,
even though the likelihoods of the relevant clusters are the
same. =

Then, in line 7 and 8 of Alg. 3 @ is used to identify pa,
although the updates to the clusters are performed on 6 in
Alg. 2. As the clusters are renamed using the / mapping,
it is necessary to apply the actions to the original clusters,
determined by the inverse ¢/ mapping. A full implementation
can be found in our GitHub repository'.

7lf ert’ —Xt” < g, (16)
,else .

V. EVALUATION

We evaluated the algorithms on simulated data. The sce-
narios were randomly created with 30 objects in an area of

Thttps://github.com/Fusion- Goettingen
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Fig. 3. Relative GOSPA error over the number of sweeps for different
detection probabilities. In (a) all SO variants overlap, while in (b) the greedy
appraoch an ML-SO overlap, as well as SO and gated herded SO.

100m x 100m. We used 8 sensors that generated Gaussian
distributed tracks around the true objects’ positions with a
covariance of ¥ = 22 . I,. We applied the 30 bound of ¥
as gating threshold g. An example scenario can be found in
Fig. 2.

Besides the random, herded and gated herded SO algo-
rithms, we also evaluated a deterministic variant of SO,
where we deterministically select the action with the highest
likelihood each time, which we call Maximum Likelihood SO
(ML-SO). Furthermore, we used the greedy approach with
merging that we presented in [19] as a deterministic approach
not based on sampling.

——= ML-SO
| herded SO
| —-= gated herded SO
N e S0
i
|

—— greedy + merge

_________________________ — best

Rel. GOSPA
o
=)
S

0 50 100 150 200 250 300
N

Fig. 4. Relative GOSPA error for one specific scenario of objects and tracks
and pp = 0.8. The 90 % confidence interval of 1000 Monte Carlo runs are
shaded.

To evaluate the algorithms, we computed the cluster centers
of each cluster as fused estimates. We then computed the
GOSPA [27] error on the fused estimates and the true po-
sitions. In order to compare different scenarios, we evaluated
the relative GOSPA error, i.e., the GOSPA error divided by
the GOSPA error of the best association. It has to be noted
though that the SO does not optimize the GOSPA directly
and the ground truth association does not necessarily have the
highest likelihood or GOSPA error.

Fig. 3 shows the relative GOSPA error for all methods over
the number of sweeps, each sweep considering the association
with the highest likelihood so far. The results are based on
1000 Monte Carlo runs and for each set of objects and tracks
25 Monte Carlo runs for the SO.

It can be seen in Fig. 3 that all SO approaches outperform
the greedy approach, except for the ML-SO, which only yields
comparable results for pp = 0.5 and worse results for high
detection probabilities (pp = 0.8).

For low detection probabilities (Fig. 3a), the SO algorithms
do not differ. For pp = 0.5 (Fig. 3b), the ML-SO yields
results comparable to the greedy approach, herded SO does not
quite converge to the results of SO and the gated herded SO
yields the same results as SO. For high detection probabilities
(Fig. 3c), the ML-SO is even worse than the greedy approach.
The gated herded SO converges a bit slower than SO, but
still converges to the same results as opposed to the herded
SO. This shows that high detection probabilities with a high
number of tracks pose a challenge to the deterministic ap-
proaches, though the gated herded SO still shows a comparable
convergence behavior to SO.

The results of ML-SO do not change after a couple of
sweeps, as the ML approach gets stuck in a local maximum,
and this is not sufficient for higher detection probabilities. This
illustrates that the herded variants reuse the weight vectors
as otherwise the results would be the same as with the ML
approach. Furthermore, especially with high detection proba-
bilities, the gated herding converges faster, pointing towards
a higher reuse of weight vectors when only local clusters
contribute to the herding process.



One advantage of deterministic algorithms is that they only
have one possible outcome, whereas the result of random
algorithms can vary. We computed the relative GOSPA errors
on one scenario, but computed 1000 Monte Carlo runs for the
SO. The results can be found in Fig. 4, where the shaded red
area shows the span between the 5% and the 95 % quantile.
Even though the SO yields a stable mean, the results vary.
The comparison with the reliable results from the deterministic
algorithms underlines the advantages of the latter for safety-
critical applications.

VI. CONCLUSION AND FUTURE WORK

In this paper, we proposed a novel deterministic data associ-
ation approach for T2TA by applying herding to the previously
presented stochastic optimization approach [19]. The herded
stochastic optimization approach did not converge as fast as
the random one for higher detection probabilities. The gated
herding version, which only considers the local surroundings
for the herding process, however, drastically improves the
convergence and yielded comparable results to the random
version. Both herding variants yielded better results than
the other two deterministic options, the maximum likelihood
stochastic optimization and the greedy approach.

We could thus illustrate that herded SO, especially the gated
variant, can be a competitive alternative in terms of sampling
quality while providing the advantage of reliability in safety-
critical applications.

Improving the convergence behavior of the herded variants
is a promising field for future research. We will further
test the association approaches on more realistic scenarios
from advanced simulators and investigate how to estimate the
detection probability and spatial likelihood from tracking data.
We further plan to evaluate different cluster likelihoods such
as the ones in [26], [28].
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